A New Critical Phenomenon for Semilinear Parabolic Problems  by Zhang, Qi S.
journal of mathematical analysis and applications 219, 125–139 (1998)
article no. AY975825
A New Critical Phenomenon for
Semilinear Parabolic Problems
Qi S. Zhang
Department of Mathematics, University of Missouri, Columbia, Missouri 65211
Submitted by Howard A. Levine
Received June 2, 1997
We study the Cauchy problem of the inhomogeneous semilinear parabolic equa-
tions 1u C up − ut C w D 0 on Mn  0;1 with initial value u0  0, where Mn
is a Riemannian manifold with possibly nonnegative Ricci curvature. There is an
exponent p which is critical in the following sense. When 1 < p  p, the above
problem has no global positive solution for any nonnegative w D wx not iden-
tically zero and for any u0  0; when p > p the problem has a global positive
solution for some w D wx > 0 and some u0  0. © 1998 Academic Press
1. INTRODUCTION
We study the global existence and blow up of solutions of the following
semilinear parabolic Cauchy problem(
Hu  H0uCupCwD1u− @tuCupCwD 0 in Mn0;1;
ux; 0 D u0x in Mn;
(1.1)
where Mn with n  3 is a non-compact complete Riemannian manifold, 1
is the Laplace–Beltrami operator, and w D wx  0 is a L1loc function.
Let us provide some motivation for investigating problems of the form
(1.1). In [7], Fujita proved the following results for the problem(
1u− @tuC up D 0 in Rn  0;1;
ux; 0 D u0 in Rn:
1:10
(a) When 1 < p < 1 C 2
n
and u0 > 0, problem (1.10) possesses no
global positive solution;
(b) When p > 1 C 2
n
and u0 is smaller than a small Gaussian, then
(1.10) has global positive solutions.
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We say that 1 C 2
n
is critical in the sense of Fujita. When p D 1 C 2
n
,
p belongs to the case (a). For a reference of the rich literature of the
subsequent development on this topic, we refer the reader to the survey
paper [10].
In light of these developments, it is surprising that the critical behavior
of global inhomogeneous problems like (1.1), even in the Euclidean case,
have not been addressed in the literature, although some conditions on the
existence or nonexistence of global positive solutions were given in papers
[3, 5]. The criticality of the exponents in the inhomogeneous case was never
spelled out.
In this paper we prove that problem (1.1) exhibits a critical behavior
similar to that of (1.10). That is, there is a p > 0 such that when 1 < p <
p, (1.1) has no global positive solutions for any nonnegative w D wx
not identically zero and for any u0  0; when p > p the problem has
global positive solutions for some w D wx > 0 and some u0  0. We will
address the question of whether or not p is in case (a) only when the Ricci
curvature is nonnegative. We hope to include the general case in a future
study. It is interesting to note that the critical exponent we found for the
inhomogeneous problem (1.1) is bigger than that discovered by Fujita for
problem (1.10). In this sense the inhomogeneous term dominates the initial
value as far as blow up is concerned.
Throughout the paper we make the following assumptions.
(i) There are positive constants b, C, K, q and Q such that
Bx; r  CrQy Bx; 2r  C2qBx; r; r > 0y
Ricci  −K:
1:2
(ii) G, the fundamental solution of the linear operator H0 D 1− @t
in (1.1), has global Gaussian bounds, i.e.,
1
CBx; t − s1=2e
− dx;y2bt−s  Gx; ty y; s
 CBx; t − s1=2e
−b dx;y2t−s ; (1.3)
for all x; y 2Mn and all t > s.
(iii) There exists a nonnegative function f and a constant C > 0 such
that C−1f t  Bx; t  Cf t for all t > 0, f t  t for some  > 2
when t !1, and f t  tn when t ! 0.
When Mn D Rn with the Euclidean metric, then clearly the above condi-
tions are met. If the Ricci curvature of Mn is nonnegative, it is well known
that (i) and (ii) hold (see [12]). More general conditions on Mn (without the
nonnegativity of the Ricci curvature) that satisfy (1.2), (1.3) can be found
in [8].
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Definition 1.1. A function u D ux; t such that u 2 L2locMn0;1
is called a solution of (1.1) if
ux; t D
Z
Mn
Gx; ty y; 0u0ydy C
Z t
0
Z
Mn
Gx; ty y; swy C upy; sdyds
for all x; t 2 Mn  0;1. Here G D Gx; ty y; s is the fundamental
solution of the linear operator H0 in (1.1).
The main result of the paper is the following.
Theorem A. The critical exponent of (1.1) is 
−2 , which means:
(a) When p > 
−2 , (1.1) has global positive solutions whenever w 6D 0
and, for some x0 2 Mn, 0  wx; u0x  =1C dx; x0C for some
 > 0 and some sufficiently small  > 0;
(b) When 1 < p < 
−2 and u0; w  0, then problem (1.1) possesses no
global positive solution unless w  0.
(c) Suppose in addition that the Ricci curvature of Mn is nonnegative.
If p D 
−2 , then problem (1.1) possesses no global positive solution unless
w  0.
Remark 1.1. Theorem A continues to hold if one replaces w D wx  0
by W D W x; t satisfying C−1wx  W x; t  Cwx. However,
limt!1W x; t D 0 is insufficient for the theorem to hold. Indeed if
W ; t D 0 for t  T > 0, then (1.1) essentially becomes a homogeneous
problem whose critical exponent becomes 1C 2
n
in the Euclidean case.
Remark 1.2. We emphasize that the proof of Theorem A does not rely
on existence results on semilinear elliptic equations. On the contrary, The-
orem A provides a way of dealing with elliptic problems. For instance, it is
well known that the elliptic equation 1u C up C w D 0 in Rn has no pos-
itive solutions for p < n=n − 2 and w > 0 while for some w > 0 it has
positive solutions. However, in the case of manifolds the above equations
are not so well understood.
Remark 1.3. When Mn D Rn with the Euclidean metric, the critical ex-
ponent for (1.1) is n
n−2 . Another example is M
n D Rk Sl endowed with the
product metric. Here k  3. In this case the critical exponent is k=k− 2.
Remark 1.4. Even though Theorem A is stated for mild solutions de-
fined in Definition 1.1, the nonexistence part of the theorem is actually
valid for weak solutions. One only needs the argument in Lemma 1 of [15],
which can be easily adopted to the present case.
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2. PROOF OF THEOREM A, PART (a)
We begin with several preliminary estimates.
Proposition 2.1. Under the assumptions of Theorem A, there exists a
C0 > 0, depending only on n,  and  > 0, such that
sup
x
Z
Mn
1
dx; y−21C dy; 02Cdy < C0:
Proof.
sup
x2Mn
Z
Mn
C
1C dy; 02C
1
dx; y−2 dy
 sup
x2Mn
Z
dx;ydy;0
C
1C dy; 02C

dx; y−2 dy
C sup
x2Mn
Z
dx;ydy;0
C
1C dy; 02C
1
dx; y−2 dy
 sup
x2Mn
Z
dx;ydy;0
C
1C dy; 02C
1
dy; 0−2 dy
C sup
x2Mn
Z
dx;ydy;0
C
1C dx; y2C
1
dx; y−2 dy

Z
Mn
C
1C dy; 02C
1
dy; 0−2 dy
C sup
x2Mn
Z
Mn
C
1C dx; y2C
1
dx; y−2 dy
 C
Z 1
0
r
1C r2C dr < C0 <1;
since  > 0. Q.E.D.
Proposition 2.2. Under the assumptions of Proposition 2.1, there exists a
C1 > 0, depending only on n,  and  > 0, such thatZ
Mn
1
dx; y−21C dy; 0Cdy <
C1
1C dx; 0−2 :
Proof. First we assume that dx; 0  1. ThenZ
Mn
dy
dx; y−21C dy; 0C
D
Z
dy;0dx;0=2
dy
dx; y−21C dy; 0C
C
Z
dy;0dx;0=2
dy
dx; y−21C dy; 0C
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 C
Z
dy;0dx;0=2
dy
dx; y−21C dy; 02C
1
1C dx; 0−2
C C
Z
dy;0dx;0=2
dy
1C dy; 0C
1
dx; 0−2 :
where we have used the fact that dx; y  dx; 0=2 when dy; 0 
dx; 0=2. Using Proposition 2.1 we have, when dx; 0  1,Z
Mn
1
dx; y−21C dy; 0Cdy <
C
dx; 0−2 :
When dx; 0  1, we haveZ
Mn
1
dx; y−21C dy; 0Cdy  C:
Therefore, there exists a C1 > 0 such thatZ
Mn
1
dx; y−21C dy; 0Cdy <
C1
1C dx; 0−2 ;
for all x 2Mn. Q.E.D.
Proposition 2.3. Let 0 be the Green’s function for the Laplacian. Then
there exists a C2 > 0 such thatZ
Mn
0x; y 11C dy; 0Cdy 
C2
1C dx; 0−2 ;
for all x 2Mn.
Proof. By [12], there is a  > 0 such that 0x; y  1=dx; y−2 when
dx; y  . When dx; y  , we can find a C > 0 such that 0x; y 
C=dx; yn−2. NowZ
Mn
0x; y 11C dy; 0Cdy
D
Z
dx;y
0x; y 11C dy; 0Cdy
C
Z
dx;y
0x; y 11C dy; 0Cdy
 I1 C I2:
By Proposition 2.2, we have
I1 
Z
Mn
C
dx; y−21C dy; 0Cdy <
C
1C dx; 0−2 :
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To control the size of I2 we notice that I2  C when dx; 0  . If
dx; 0    dx; y, then
I2 
Z
dx;y
C
dx; yn−21C dy; 0Cdy 
C
dx; 0n−2 
C
dx; 0−2 :
The above inequalities taken together yield the desired result. Q.E.D.
Proposition 2.4. Given  > 0, there exists a constant C3 such that
hx; t 
Z
Mn
Gx; ty y; 0
1C dy; 0C dy 
C3
1C dx; 0 ;
for all x 2Mn and t > 0.
Proof. By (1.3), we have, for some positive b and C,
hx; t  C
Z
Mn
1
Bx; t1=2
e−bdx;y
2=t
1C dy; 0C dy:
By assumption (iii), there is a constant  > 0 such that 1=Bx; t1=2  C=t
when t > , and 1=Bx; t1=2  C=tn when t  .
Suppose t > . For simplicity we write g1 D 1=1C dx; 0C. Given
R > 0 and dx > R, we have
hx; t 
Z
dy>R
C
t=2
e−a dx;y
2=t g1ydy C
Z
dyR
C
t=2
e−b dx;y
2=t g1ydy
 C
1C R
Z
dy>R
1
t=2
e−b dx;y
2=tdy
C
Z
dyR
1
dx; y
dx; y
t=2
e−b dx;y
2=2te−b dx;y
2=2tg1ydy
 C
1C R C
C
dx − R
Z
dyR
e−b dx;y
2=2tg1ydy:
In the above, we have used
R
Rn1=t=2e−b dx;y
2=tdy  C. Since  > 0, we
know that g1 2 L1Mn. Taking R such that dx D 2R, we have
hx; t  C3
1C dx; 0 :
If t  , we can repeat the argument in the last paragraph with  replaced
by n, to obtain hx; t  C=1C dx; 0n: Since   n, the last inequality
clearly implies, for some C3 > 0,
hx; t  C3
1C dx; 0
for all x 2Mn and all t > 0. Q.E.D.
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Now we are ready to give the
Proof of Theorem A, Part (a). For u 2 L1Mn  0;1, we define T
to be the integral operator:
Tu x; t D
Z
Mn
Gx; ty y; 0u0ydy
C
Z t
0
Z
Mn
Gx; ty y; swy C upy; sdyds:
For a M 2 0; 1, the set SM is defined by
SM D

ux; t 2 CMn  0;1  0  ux; t  M
1C dx; 0−2

:
Next we show that the operator T is a contraction in SM for suitable
M > 1 and w > 0 and hence a fixed point exists.
For a  > 0 and  > 0 to be chosen later, we select w and u0 satisfying
0 < wx; u0x  =1C dx; 0C:
By Proposition 2.4, we knowZ
Mn
Gx; ty y; 0u0ydy 
C4
1C dx; 0 
C5C4
1C dx; 0−2 :
Noticing that
R t
0 Gx; ty y; sds  0x; y, we obtain, for u 2 SM ,
Tux; t  
Z
Mn
0x; y 11C dx; 0Cdy
CMp
Z
Mn
0x; y 11C dx; 0−2p dy
C C5C4
1C dx; 0−2 :
Since p > 
−2 we can find a C4 > 0 and  > 0 such that
1
1C dx; 0−2p 
C4
1C dx; 0C :
Hence
Tux; t  
Z
Mn
0x; y 11C dx; 0Cdy
C C4Mp
Z
Mn
0x; y 11C dx; 0Cdy
C C5C4
1C dx; 0−2 :
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By Proposition 2.3 and since p > 1, we have
Tux; t  C5C4 C C2 C C2C4M
p
1C dx; 0−2 
M
21C dx; 0−2 ;
when  and M are sufficiently small. This shows that TSM  SM .
To see that T is continuous, let u1; u2 2 SM . Then
Tu1x; t − Tu2x; t 
Z t
0
Z
Mn
Gx; ty y; s up1 y; s − up2 y; sdyds:
We notice that
up1 y; s − up2 y; s  pmaxup−11 y; s; up−12 y; su1y; s − u2y; s:
Since u1 and u2 are bounded from above by M=1C dx; 0−2, we have
Tu1x; t − Tu2x; t
 pu1 − u2
Z t
0
Z
Mn
Gx; ty y; s

M
1C dx; 0−2
p−1
dyds
 pMp−1u1 − u2
Z
Mn
0x; y 11C dx; 0−2p−1 dy
 C6pMp−1u1 − u2
Z
Mn
0x; y 11C dx; 02Cdy:
Here we have used the fact that  − 2p − 1 D 2 C  for a  > 0. By
Proposition 2.1, we have
Tu1 − Tu2  C0C6pMp−1u1 − u2;
which shows that T is continuous. If M is small so that C0C6pMp−1 <
1, then T is a contraction in SM . Hence (1.1) has a global positive solu-
tion. Q.E.D.
3. PROOF OF THEOREM A, PART (b)
Proof. Suppose p < 
−2 and that w is not identically zero. Without loss
of generality we assume wx > 0 in a neighborhood of 0. We want to
prove that problem (1.1) has no global positive solutions for any u0  0
(including u0  0).
Suppose u is a global positive solution of (1.1). By Definition 1.1, we
know that u solves the integral equation
ux; t D
Z
Mn
Gx; ty y; 0u0ydy
C
Z t
0
Z
Mn
Gx; ty y; swy C upy; sdyds; (3.1)
for all x; t 2Mn  0;1:
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Given t > 0, choose T > t, multiply both sides of (3.1) by Gx; T y 0; t,
and integrate with respect to x. We obtainZ
Mn
Gx; T y 0; tux; tdx

Z t
0
Z
Mn
Z
Mn
Gx; T y 0; t Gx; ty y; sdx wydyds
C
Z t
0
Z
Mn
Z
Mn
Gx; T y 0; t Gx; ty y; sdx upy; sdyds: (3.2)
Although H0 is an operator with variable coefficients, the fundamental so-
lution G still enjoys the symmetry
Gx; T y y; t D Gy; T yx; t
for all x; y 2Mn and T > t (see [6]). Therefore by the reproducing property
of the heat kernel,Z
Mn
Gx; T y 0; t Gx; ty y; sdx D G0; T y y; s D Gy; T y 0; s:
Substituting this in (3.2), we see thatZ
Mn
Gx; T y 0; tux; tdx  C
Z t Z
Mn
Gy; T y 0; swydyds
C C
Z t
0
Z
Mn
Gy; T y 0; supy; sdyds: (3.3)
By (1.3),
R
Mn Gy; T y 0; sdy  C. Using Ho¨lder’s inequality, we obtainZ
Mn
Gy; T y 0; suy; sdy D
Z
Mn
G1=qy; T y 0; sG1=py; T y 0; suy; sdy
 C
Z
Mn
Gy; T y 0; supy; sdy
1=p
;
where 1=pC 1=q D 1. Inequality (3.3) then impliesZ
Mn
Gx; T y 0; tux; tdx  C
Z t
0
Z
Mn
Gy; T y 0; swydyds
C C
Z t
0
Z
MN
gY; ty 0; SUY; Sdy
p
ds: (3.4)
Since w is strictly positive in a neighborhood of 0, we can apply the left
hand inequality in (1.3) to find a constant C > 0 so that, for T > 1 and
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0 < s  T=2, we haveZ
Mn
Gy; T y 0; swydy 
Z
dy;02T−s
Cwy
B0; T − s1=2dy
 CB0; T − s1=2
Z
dy;02T=2
wydy
 CB0; T − s1=2 : (3.5)
Writing Jt  RMn Gx; T y 0; tux; tdx, we have, from (3.4),
Jt  C
Z t=2
0
Z
Mn
Gy; T y 0; swydyds C C
Z t
0
Jpsds

Z t=2
0
C
B0; T − s1=2ds C C
Z t
0
Jpsds
 CT=B0; T 1=2 C C
Z t
0
Jpsds; T > t > T=2 > 1=2: (3.6)
Using the notation gt  R t0 Jpsds, we obtain, for t 2 T=2; T ,
g0t=T B0; T 1=2−1 C gtp  C: 3:7
Integrating (3.7) from T=2 to T , we have
− 1T B0; T 1=2−1 C gtp−1
T
T=2  p− 1CT; 3:8
which is
1
T B0; T 1=2−1 C gT=2p−1
− 1T B0; T 1=2−1 C gT p−1  p− 1CT:
Therefore
B0; T 1=2=T p−1  p− 1CT;
for all T > 1. Since B0; T   T when T is large, it follows that
T
p−1−2
2  CT;
when T is large, which in turn cannot hold if p < 
−2 : Q.E.D.
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4. PROOF OF THEOREM A, PART (c)
In this section we establish the blow up of positive solutions in the critical
case i.e., p D 
−2 : Throughout the section we let ; 2 C10;1 be two
functions satisfying
0    1y r D 1; r 2 0; 1=2y r D 0; r 2 1;1y
−C  0r  0y 00r  Cy
0    1y t D 1; t 2 0; 1=4y t D 0; t 2 1;1y
−C  0t  0:
For R > 0 define QR D Bx0; R  R2; 2R2. We also need a cut off
function
 R D Rdx; x0Rt;
where Rr D r=R and R D t − R2=R2. Clearly
−C
R
 @R
@r
 0y
@2R@r2
  CR2 y − CR2  0Rt  0: 4:1
Proof of Theorem A, Part (c). We shall use the method of contradiction.
Let u be a global positive solution of (1.1). For R > 0 we set
IR 
Z
QR
upx; t qRx; tdxdt; 4:2
where 1
p
C 1
q
D 1. Since u is a solution of (1.1), we have
IR D
Z
QR
utx; t − 1ux; t −wx; t qRx; tdxdt; 4:3
which implies, via integration by parts,
IR 
Z
BRx0
ux; : qRx; :2R
2
R2 dx−
Z
QR
ux; tqRxqq−1R t0Rtdxdt
C
Z 2R2
R2
Z
@BRx0
ux; t@
q
Rx
@n

q
RtdSxdt
−
Z 2R2
R2
Z
@BRx0
 
q
R
@u
@n
x; tdSxdt
−
Z
QR
ux; t1qRxqRtdxdt: (4.4)
We remark that u is smooth, @BRx0, and R are Lipschitz; and 1R is
understood in the weak sense. Therefore (4.4) can be justified. Noting that
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ux;R2  0,  Rx; 2R2 D 0, @qR=@n D qq−1R @R=@r@r=@n  0 on
@BRx0, and  Rx; t D 0 on @BRx0  R2; 2R2, we obtain
IR  −
Z
QR
ux; tqRxqq−1R t0Rtdxdt
−
Z
QR
ux; t1qRxqRtdxdt: (4.5)
Since 1qR D qq−11R C qq−2R rR2; (4.5) yields
IR  −
Z
QR
ux; tqRxqq−1R tRtdxdt
−
Z
QR
ux; tqq−1R 1RxqRtdxdt: (4.6)
Recalling the supports of R and R, we can reduce (4.6) to
IR  −
Z 2R2
5R2=4
Z
BRx0
ux; tqRxqq−1R t0Rtdxdt
−
Z 2R2
R2
Z
BRx0−BR=2x0
ux; tqq−1R 1RxqRtdxdt: (4.7)
Since R is radial, one has, in the weak sense,
1R D 00R C
n− 1
r
0R C0R
@ log g1=2
@r
:
Taking R sufficiently large, by the assumption that the Ricci curvature is
nonnegative, we have @ log g1=2=@r  0. Thus we get
1R  −
C
R2
; 4:8
when x 2 BRx0 − BR=2x0. Merging (4.8), (4.7) and (4.1), we know that
IR  C
Z 2R2
5R2=4
Z
BRx0
ux; tqRxq−1R t
1
R2
dxdt
C C
Z 2R2
R2
Z
BRx0−BR=2x0
ux; tq−1R qRt
1
R2
dxdt: (4.9)
Since R;R  1, by the Ho¨lder inequality we have
IR 
C
R2
Z 2R2
5R2=4
Z
BRx0
up 
pq−1
R x; tdxdt
1=pZ 2R2
5R2=4
Z
BRx0
dxdt
1=q
C C
R2
Z 2R2
R2
Z
BRx0−BR=2x0
up 
pq−1
R x; tdxdt
1=p

Z 2R2
R2
Z
BRx0−BR=2x0
dxdt
1=0
: (4.10)
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Therefore
IR  C
Z 2R2
5R2=4
Z
BRx0
upx; t qRx; tdxdt
1=p
R
C2
q −2
C C
Z 2R2
R2
Z
BRx0−BR=2x0
upx; t qRx; tdxdt
1=p
R
C2
q −2; (4.11)
which yields
IR  CI1=pR R
C2
q −2: 4:12
Note that p D 
−2 and q D =2, and we have
IR  CR2; 4:13
when R is big. HenceZ 5R2=4
R2
Z
BR=2x0
upx; tdxdt  IR  CR2; 4:14
for all large R > 0. From (4.14), the mean value theorem shows
inf
R2t5R2=4
Z
BR=2x0
upx; tdx  C:
Hence there exist a sequence Rj, and tj 2 R2j ; 2R2j , such that
limj!1Rj D 1, and Z
BRj x0
upx; tjdx  C: 4:15
Because w is not identically zero, we can find a compactly supported w0,
being positive somewhere and 0  w0  w. Since u is a global solution of
(1.1), we have, by following the argument in Lemma 1 in [15],
ux; t 
Z t
0
Z
Mn
Gx; ty y; swydyds

Z t
0
Z
Mn
Gx; ty y; sw0ydyds  Fx; t;
where G is the fundamental solution of the heat equation on Mn. From
(4.15), Z
BRj x0
Fpx; tjdx  C: 4:16
By a change of the time variable,
Fx; t D
Z t
0
Z
Mn
Gx; sy y; 0w0ydyds:
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Hence we have the following monotone convergence
lim
t!1Fx; t D
Z
Mn
0x; yw0ydy  F1x; 4:17
where 0 is the fundamental solution of the Laplacian on Mn (see [12]).
Combining (4.16) and (4.17), we have, for any large R > 0,Z
BRx0
Fp1xdx  lim sup
j!1
Z
BRj x0
Fpx; tjdx  C: 4:18
By [12], 0x; y  1=dx; y−2 for large dx; y. So it is easy to see
that F1x  C=dx; x0−2 when r D dx; x0 is big. Hence we can find a
R0 > 0 such thatZ
BRx0−BR0 x0
1
dx; x0p−2
dx  C
Z
BRx0
Fp1xdx  C: 4:19
Recalling that p D 
−2 , we obtainZ
BRx0−BR0 x0
dx
dx; x0
 C:
The last inequality leads to a contradiction since the left hand side tends
to 1 when R!1. Q.E.D.
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